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2 ALPHA SHAPES

Two-dimensional alpha shapes (or,α-shapes) were
introduced by (Edelsbrunner et al., 1983) in order to
study the shape of sets of points on the plane. Here
first is an intuitive description adapted from (Edels-
brunner and Mücke, 1994).

Imagine a whiteboard initially painted over with
black (non-permanent) ink. Imagine as well pins
stuck into the board at a finite set of pointsS. Next,
imagine trying to wipe away as much of the ink as
possible with a circular eraser which has, of course,
to move around the pins (it can bump into pins though
without moving them, and also be lifted and placed
where there are no pins). The patch of ink that is
still left at the end of this process is called the alpha
hull (or, α-hull) of S, with α being the radius of the
eraser. Theα-shape ofS is obtained by “linearizing”
the α-hull, in particular, by straightening out the cir-
cular arcs on its boundary to straight segments.

See Figure 1, where erasers of three different sizes
are applied to the same set of points. Erasers are on
the top row, while theα-hulls andα-shapes are on the
next two rows, respectively.

It’s not hard to see that ifα is large enough, then
the α-shape is nothing but the convex hull ofS. So,
α-shapes are a generalization of the convex hull. Asα
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Figure 1: Making alpha shapes: erasers in the top row,α-
hulls in the middle,α-shapes at the bottom. Some positions
of the eraser are indicated in the middle by dashed arcs. The
dashed disc in the bottom middle is used to determine that
the faceF is external. The eraser on the right column is
small enough to remove all black ink, so bothα-hull and
α-shape are the original point set itself.

varies between∞ and 0 we get a spectrum of shapes.
In fact, asα decreases we see finer and finer “approx-
imations” ofS, until, for values small enough, theα-
shape is totally atomized and we are left with just the
original point set (as on the right of Figure 1). It seems
then that there is a range ofα in the “middle” where



theα-shape reveals the “true” shape ofS.
Next, we’ll give formal definitions. Fix a plane

R2. All objects, henceforth, will be assumed to be
on this plane. To avoid technicalities, we’ll defineα-
shapes for positive and infiniteα first, and deal with
the caseα = 0 separately later.

If 0 < α < ∞, then anα-disc is an open disc with
radiusα; if α = ∞, then it is an open half-plane. The
boundary of anα-disc is its closure minus its interior
(which is, simply, the geometric boundary).

Say,S is a given finite set of points. To avoid tech-
nicalities we’ll assume thatS is in general position,
i.e., no three points ofS are co-linear and no four co-
circular.

An α-disc is said to beempty if it contains no point
of S. For, 0< α ≤ ∞, theα-hull of S is the comple-
ment of the union of all emptyα-discs (which formal-
izes the intuitive description as the “remaining patch
of ink” given earlier).

A point of S is said to beα-extreme if it lies on the
boundary of an emptyα-disc. Twoα-extreme points
of S are said to beα-neighbors if there exists an empty
α-disc containing both on its boundary.

The α-shape of S, 0 < α ≤ ∞, is bounded by
the straight-line graphG whose vertices are theα-
extreme points ofS and whose edges connectα-
neighbors (formalizing the notion of linearizing the
α-hull).

However, we still need to specify which of the
faces ofG belong to theα-shape and which do not, i.e,
which are interior and exterior, respectively. Accord-
ingly, sayF is a face ofG. Let e be an edge bounding
F . Consider theα-discD containing both the end ver-
tices ofe on its boundary, and with its center on the
same side ofe asF . If D contains no point ofS, then
F is exterior; otherwise, it is interior (e.g., the dashed
disc in the bottom middle of Figure 1 proves thatF is
an external face). So, finally, theα-shape ofS is the
union of all (closed) interior faces of the straight-line
graph bounding it.

If α = 0, then both theα-hull andα-shape ofS are
defined to beS itself.

Remark: It’s easy to see that the∞-hull of S is
simply its convex hull.

(Edelsbrunner et al., 1983) show that theα-shape
of a setS of n points, for any givenα ≥ 0, can be com-
puted in timeO(n logn). Moreover, they show that the
so-called shape spectrum ofS can be computed in the
same time bound, so that, subsequently, anα-shape
for anyα can be output in linear time.

Since their inception in (Edelsbrunner et al., 1983)
and, particularly, following an extension to 3D in
(Edelsbrunner and Mücke, 1994), alpha shapes have
found wide-ranging application in both computational

geometry and computer graphics, both to and beyond
the original problem of shape analysis. See (Edels-
brunner, 2009) for a survey.
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