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A Framework for
VisionBasedFormationControl

AveekDas,RafaelFierro,Vijay Kumar, JimOstrowski, JohnSpletzer, andCamilloTaylor

Abstract—We describea framework for controlling and coordinating a
group of nonholonomicmobile robots for cooperative tasks ranging from
scoutingand reconnaissanceto distributed manipulation. The framework
allows us to build complexsystemsfrom simplecontrollers and estimators.
This modular approachis attractive becauseof the potential for reusability.
In addition, weshow that our approachto compositionalsoguaranteessta-
bility and convergencein a wide rangeof tasks.There are two key features
in our approach. The �rst is a paradigm for switching betweensimple de-
centralized controllers thus allowing changesin the formation. Second,all
the controllers useinformation fr om a singlesensor— an omnidirectional
camera. We describeestimators that abstract the sensoryinformation at
different levels enabling decentralizedas well as cooperative control. Our
resultsconsistof numerical simulations as well as experimentson a plat-
form of threenonholonomicrobots.

Keywords—Hybrid control, formation control, cooperative localization,
distributed manipulation, nonholonomicmobile robots.

I . INTRODUCTION

The last few yearshave seenactive researchin the �eld of
controlandcoordinationfor multiple mobilerobots,andappli-
cationto taskssuchasexploration[1], surveillance[2], search
andrescue[3], mappingof unknown or partially known envi-
ronments[4], [5], distributedmanipulation[6], [7] and trans-
portationof largeobjects[8], [9]. An excellentreview of con-
temporarywork in thisareais presentedin [10].

While robot control is consideredto be a well understood
problemarea[11], mostof thecurrentsuccessstoriesin multi-
robot coordinationdo not rely on or build on the resultsavail-
ablein thecontroltheoryanddynamicalsystemsliterature.The
reasonfor this is fairly clear. Traditionalcontrol theorymostly
enablesthedesignof controllersin a singlemodeof operation,
in which the taskand the modelof the systemare �x ed [12],
[13], [14]. When operatingin unstructuredor dynamicenvi-
ronmentswith many differentsourcesof uncertainty, it is very
dif�cult if not impossibleto designcontrollersthatwill guaran-
teeperformanceevenin a local sense.A similar problemexists
in developingestimatorsin thecontext of sensing,andmapping
andmotionplanning.

In contrast,we know that it is relatively easyto designre-
active controllersor behaviors that react to simple stimuli or
commandsfrom the environment. We canseesuccessfulap-
plicationsof this ideain the subsumptionarchitecture[15], in
theparadigmfor behavior-basedrobotics[16], [17], [18], andin
otherwork [10].

In this paperwe addressthedevelopmentof intelligentrobot
systemsby composingsimplebuilding blocks in a bottom-up
approach.The building blocksconsistof controllersandesti-
mators,andthe framework for compositionallows for tightly-
coupledperception-actionloops.While this philosophyis sim-
ilar in spirit to the behavior basedcontrol paradigm[15], we
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differ in the control-theoreticapproachto the developmentof
thebasiccomponents,andour formalapproachto theircompo-
sition.

The goal of this paperis to develop a framework for com-
positionof simplecontrollersandestimatorsto control thefor-
mationof a groupof robots. By formationcontrol,we simply
meantheproblemof controllingtherelativepositionsandorien-
tationsof robotsin agroup,while allowing thegroupto moveas
a whole.We areparticularlyinterestedin problemsof coopera-
tive manipulation,wherea “rigid” formationmaybenecessary
to transporta graspedobject to a prescribedlocation,andco-
operative mapping,wherethe formationmay be de�ned by a
minimal (in comparison)setof constraints.

Problemsin formationcontrolthathavebeeninvestigatedin-
clude assignmentof feasibleformations[19], [20], [21], get-
ting into formation[22], [23], [24], maintenanceof formation
shape[25], [26], [27] andswitchingbetweenformations[28],
[29]. Approachesto modelingandsolvingtheseproblemshave
beendiverse,rangingfrom paradigmsbasedon combiningre-
active behaviors [17], [30] to thosebasedon leader-follower
graphs[25] andvirtual structures[31], [32].

In thispaperwedescribeasuiteof controllersandestimators
andamethodologyfor theircompositionthatpermitscontrolof
formationsfor agroupof robotsin all theaboveandotherappli-
cations.This suiteconsistsof centralizedaswell asdecentral-
izedalgorithms— eithercanbeuseddependingonthenatureof
thecommunicationlink. We considersituationsin which there
maybenoaccessto any globalpositioningsystemandthemain
sensingmodalityis vision. All our estimatorsarederivedfrom
vision.Ourplatformof interestis anonholonomiccar-likerobot
with a singlephysicalsensor- anomnidirectionalcamera.The
wider �eld of view offeredby this cameraallows us to extract
moreinformationfrom thevideosignalthanconventionalcam-
erasandmakesit possibleto implementawiderrangeof motion
strategieson thesameplatform.

Ourcontributionsin thispaperaretwo-fold. Firstwedevelop
abottom-upapproachtobuildingcontrollersandestimators,and
describe,in somedetail, the componentsusedfor multi-robot
coordination.Theseincludesimpledecentralized,reactivecon-
trollersfor obstacleavoidance,collision recovery andpursuing
targets,and more complex controllersfor maintainingforma-
tion, controllersthat canbe eithercentralizedor decentralized
and are derived from input-outputlinearization. Our second
contribution is the framework for multi-robotcoordinationthat
allows robotsto maintainor changeformationwhile following
a speci�ed trajectory, andto performcooperative manipulation
tasks.Werequirearobotto bedesignatedasthereferencerobot
or leader. All otherrobotschooseanappropriatecontrollerde-
pendingon the their relative positionandconvergeon the de-
siredformation.Our framework involvesa sequentialcomposi-
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tion of controllers,or modes,andweshow thatthedynamicsof
theresultingswitchedsystemarestable.

Therestof thispaperis organizedasfollows. Firstwegivea
broadoverview of our framework in SectionII, and illustrate
someof the salient featuresusing our nonholonomicmobile
robot experimentaltestbed. In SectionIII we presenta setof
controllersthatserve asthebuilding blocksfor formationcon-
trol. We discussthe assignmentof formations,changesin for-
mations,andstableswitchingstrategies in SectionIV usinga
groupof threerobotsasan example. SectionV addressesthe
centralizedanddecentralizedschemesfor sensingandestima-
tion for implementationof formation control. Hardware de-
tails andexperimentalresultsillustratingtheapplicationof this
methodologyto cooperative tasksare in SectionVI. Finally,
someconcludingremarksanddirectionsfor futurework arepro-
videdin SectionVII.

I I . FRAMEWORK

In thissection,wedescribea framework for cooperativecon-
trol of multiple mobilerobots.We aremotivatedby theoretical
ideasandmoderntoolsin softwareengineering,andtheemerg-
ing theoryof hybridsystems1.

The software for eachrobot consistsof componentscalled
agents. Agentsoperateconcurrentlyandlendthemselvestopar-
allel composition. Eachagentconsistsof amainmode, thatmay
in turn havesubmodes. A modeis a discretestatecharacterized
by asetof differentialequationsandconstraints.Theconceptof
modesallowsusto formallyde�ne thenotionof sequentialcom-
position.De�nition of submodesimplicitly de�ne thenotionof
hierarchical composition.
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Fig. 1. Architecturediagramfor formation control. Agentsare indicatedby
roundedrectangles,andshadingindicatesoff-the-shelfcomponents.The esti-
matoragentsaregroupedtogetherin thedottedrectangle.To avoid clutter, the
input/outputchannelsarenot shown explicitly. Thecontrolleragentshows the
four mainsubmodes(circles)with arrows denotingpossibletransitions

Thebasisfor thesoftwareframework andformal de�nitions
of compositionareprovidedin [34]. Here,wewill usethearchi-
tecturediagramin Figure1 to explainthede�nitions. All robots
run the samesoftware. In the �gure, therearemany estimator
agents(shown enclosedwithin thedottedrectangleon the left)

�

A hybrid systemhererefersto a collectionof digital programsthat interact
with eachotherin a physicalworld thatis analogin nature[33].

operatingconcurrently. Well-de�ned inputandoutputportsde-
scribetheexchangeof informationbetweentheagents.On the
right, is thebehavioral diagramfor thecontrolleragent.There
arefour mainsubmodes(circles)within theagent,with thear-
rows indicatingtransitionsbetweenthe submodes.The condi-
tions (invariantsandguards)for transitions,andthe entry/exit
pointsin eachmodearenot shown in the diagram,but areex-
plainedin following sections.Eachsubmodecancontaina hi-
erarchyof submodes.In this framework, thecouplingof oneor
moresensoragentswith a controlleragentde�nes thedynamic
system,andthespeci�cationof thesubmodeswithin eachagent
de�nes a behavior in the senseof Arkin andothers[16]. The
coordinationprotocolinstantiateseachagent(all estimatorsand
thecontroller)with parametersandprovidesa referencetrajec-
tory thatareusedin differentmodes.

Our low-level implementationin C++usesLiveObjects[35].
Live Objectshave beendevelopedas part of the softwarear-
chitecturefor implementationon the hardware platforms. A
liveobjectencapsulatesalgorithmsanddatain theusualobject-
orientedmannertogetherwith controlof a threadwithin which
thealgorithmswill execute,anda numberof eventsthat allow
communicationwith otherliveobjects.

Thusfar, wehaverestrictedourde�nition to components,i.e.,
agentsandmodes,for a single robot agent. Sinceour robots
cancommunicatethroughawirelessethernet,wecanform two-
robotor � -robotagentsby parallelcompositionof robotagents.
However, our scopein this paperis muchlessambitious.The
availability and sharingof informationbetweenthe robotsal-
lows us to – (a) designmodeswithin estimatoragentsthatcan
exploit sensoryinformation obtainedfrom other robots; and
(b) designthecoordinationprotocolto initiate or triggermode-
switchingwithin thecontrolleragent.

Beforeweproceedwith thedescriptionof theindividualcom-
ponents,we list several importantassumptionsconcerningthe
groupof robotsandtheformation.Weassume,aswedoin [25],
therobotsarelabeledandoneof therobots,designatedas

���

(or
simply � ), is theleadrobot.Theleadrobot'smotionde�nesthe
motionof thegroup. Themotionof thegroupmemberswithin
theformationcanbecharacterizedin termsof themotionof in-
dividual robotswith respectto the leadrobot,even thoughthe
robotsmaynot follow the leadrobot in a leader-follower con-
�guration. As in [28], the relationshipbetweena robotandits
neighboringrobotsis describedby a control graph. Thecontrol
graphis aacyclic, directedgraphwith robotsasnodes,

���

asthe
parentnode,andedgesdirectedfrom nodeswith smallerinteger
valuesto thosewith higherintegervalues,andnomorethantwo
incomingedgesincomingat eachnode2. As explainedlater,
eachedgedenotesaconstraintbetweentherobotsconnectedby
theedge,andthereforeacontrollerthattriestomaintainthecon-
straint.We will considertwo typesof scenarios.In the�rst, the
control graphis �x ed andis not changedthroughthe task. In
thesecondapproach,thecontrolgraphis adaptedto changesin
the environmentandthe relative robot positions. We illustrate
boththesescenariosthroughsimulationsandexperimentsin the
following sections.

�

The numberingconstraintson the leadrobot andotherrobotsis relaxed in
otherwork [29], but we imposethis constrainthereto limit the scopeof the
paper.
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I I I . CONTROL ALGORITHMS

A. Modeling

In this section,we describecontrol algorithmsthat specify
the interactionsbetweeneachrobot and its neighbor(s)or the
environment.Therobotsarevelocity controllednonholonomic
car-like platformsandhave two independentinputs. The con-
trol laws arebasedon input-outputfeedbacklinearization.This
meanswe areableto regulatetwo outputs. The kinematicsof
the ����� robotaregivenby
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where $

�&%(')���*�+�����+���-,/.10&23'-4�, , and ��� and !#� arethelinear
andangularvelocities,respectively.

We considera subgroupof two robotsshown in Figure 2.
First, we describea controller for leader–following, adopted
from [25], andderiveasecondcontrollerthattakesinto account
possibleinteractionswith anobstacle.
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Fig. 2. Two robotsin a leader±following con®guration.

B. BasicLeader-FollowingControl

By using this controller (denoted 0&56�87:9 here), robot ;

7

follows ;

� with a desiredSeparation<�=

�87 and desiredrelative
Bearing >

=

�87 . Notethat this relative bearingdescribesthehead-
ing directionof thefollowerwith respectto theleader. Thetwo-
robotsystemis transformedinto anew setof coordinateswhere
thestateof theleaderis treatedasanexogenousinput. Thusthe
kinematicequationsaregivenby
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By applyinginput-outputfeedbacklinearization,thecontrolve-
locitiesfor thefolloweraregivenby
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where ] is the offset to an off-axis referencepoint v
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robot,andt
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are the designcontrollergains. The closed-loop
linearizedsystemis simplygivenby
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In thefollowing,weprovethatundersuitableassumptionson
the motion of the leadrobot, the closed-loopsystemis stable.
Sinceweareusinginput-outputfeedbacklinearization[13], the
outputvector@

7 will convergeto thedesiredvalue @

=

7 arbitrarily
fast. However, a completestability analysisrequiresthe study
of theinternaldynamicsof therobot,i.e., theheadingangle �
7

whichdependson thecontrolledangularvelocity !X7 .
Theorem1: Assumethat the lead vehicle's linear velocity
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We needto show that the internaldynamicsof ;

7 are stable
which is equivalentto showing that the orientationerror œ�• is
bounded.Thus,wehave
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whichis (locally)exponentiallystableprovidedthatthevelocity
of theleadrobot ���
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Remark1: The above theoremshows that, undersomerea-
sonableassumptions,the formationsystemis stable,i.e., there
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exists a Lyapunov function ‰ '�‡K�
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By looking at Eq. 8-9, we canstudysomeparticularforma-

tionsof practicalinterest.For example,if the leadertravels in
a straightline, i.e., !&�Ÿ	
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. It canbeshown that thesystemis
(locally) asymptoticallystablei.e., œ •��
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— . If ! � is constant(circular motion),
then œ€• is bounded.It is well-known thatan optimalnonholo-
nomicpathcanbeplannedby joining linearandcirculartrajec-
tory segments.Henceany trajectorygeneratedby suchaplanner
for theleaderwill ensurestableleader-followerdynamicsusing
theabovecontroller.

This resultcanbeextendedto � robotsin a convoy-like for-
mation(c.f., [36]). Let usconsidera teamof � robotswhere;
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� . If theleader's trajectoryis well-behaved(sameassumptions
asTheorem1), thentheconvoy-likesystemcanbeshown to be
stable.

C. Leader–ObstacleControl

This controller(denoted0!�#"�9 ) allows thefollower to avoid
obstacleswhile following a leaderwith a desiredseparation.
Thus,theoutputsof interestaretheseparation<

�P7 , andthedis-
tance§ betweenthereferencepoint v

7 on the follower andthe
closestpoint $ on theobject. We de�ne a virtual robot ;

" as
shown in Figure3,whichmovesontheobstacle'sboundary. For
thiscasethekinematicequationsaregivenby
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Fig. 3. TheLeader±ObstacleController.

By applyinginput-outputfeedbacklinearization,thecontrolve-
locitiesfor thefolloweraregivenby
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Remark2: It is worth noting that feedbackinput-outputlin-
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in practice.

Remark3: By using this controller a follower robot will
avoid thenearestobstaclewithin its �eld-of-view while keeping
adesireddistancefrom theleader. This is a reasonableassump-
tion for many outdoorenvironmentsof practicalinterest.While
thereareobvious limitations to this schemein maze-like envi-
ronments,it is not dif�cult to characterizethe setof obstacles
andleadertrajectoriesfor which thisschemewill work.

We now considera formationof threenonholonomicrobots.
Thereare threepossibleapproachesto controlling the forma-
tion. The obvious approachis to usetwo basiclead-follower
controllers:either 0&5 C

|

9 and 0&56CF•:9 , or 0&56C

|

9 and 0&5

|

•:9

(assumingthe leaderhasthe label ™ ) [28]. The two otherap-
proachesaremoreattractive in termsof robustnessto noiseand
arediscussednext.
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where @ • 	 N

+ >

C

|

>

C�•

>

|

•

Q S is thesystemoutput, ,E • 	

N �

|

!

|

�
• !X• QTS is theinputvector, and

A • 	

��

�

�

�

�����\[ C

|

]•����� [ C

| ƒ ƒ

^ _)` a b����

f

���

=�gih

_jb����

f

���

ƒ ƒ

ƒ ƒ

^H_�` a b����

f

���

=\gih

_�b����

f

���

_�` a p �	�

f

�
�

m

™

^H_�` a b �
�

f

�
�

=\gih

_�b �
�

f

�
�

�
�

�

�

�

I • 	

��

�

�

m

��C �����

>

C

|

o

� _�` a p ���

f

���

m

! C

o

� _�` a p ���

f

���

m

! C

ƒ

� �

�

�

[��P7 	 �€� G

>

�87

m

�j7 r

Applying thesameapproachto controlusinginput-outputfeed-
backlinearizationcanasin theprevioussubsection,wehave
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wheret

• is anauxiliarycontrolinputgivenby

t

•

	

��

�

�

y

C
'

<{=

C

|

m

<

C

|

,

y�|

'

>H=

C

|

m

>

C

|

,

y�|

'

>H=

CF•

m

>

CF•
,

y�|

'

>H=

|

•

m

>

|

•
,

�
�

�

�

	B~•'
@

=

•

m

@ •
,K�

y

C
�

y�|
• ƒ

are the designcontroller gains. The linearized
closed-loopsystembecomes
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As it canbeseen;

• hastwo leadersto follow. Therefore,the
leaders'trajectoriesmustsatisfycertainrequirementsasgiven
in thenext result.

{ 1}

(x1, y1, q1)

{ 3}

1q3

(1x3, 1y3, 1q3)

(1x2, 1y2, 1q2)

{ 2}

1q2

l12  = r

a

d

l13

l23

l32

P1

P2

P3

y 13

y 12

Fig. 4. 3-RobotFormationControlGeometry.

Theorem2: Assumethat the lead vehicle's linear velocity
along the path †

'�‡�,�. 0&23'{4�, is lower bounded,i.e., ��C
ˆ

‰ Š
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•xƒ

, its angularvelocity is alsobounded,i.e., Œ
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relative orientation Œ
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	B4���� . If thecontrolinputEq.16 is appliedto ;
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� • , thenthe
formationis stableandthesystemoutput @ • in Eq.17converges
exponentiallyto thedesiredvalue @

=
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By theorem1, the internaldynamicsof ;

|

arestablei.e., the
orientationerror œ • is bounded.Now for ;

• , werequireto con-
sidertheconditionsonrelativevelocitiesandorientationsof ;
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and ;

|

.
�

œ � 	M!&C

m

!X•

aftersomework, wehave
�

œ��/	

m

��C

]

�����Ÿœ�� G¡ 

|

'�œ����F! C ��œ � �*œ � �

§

o

�

§

�
�

§
�

, (19)

wherethenominalsystemi.e.,  
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nentiallystableprovidedthatthevelocityof theleadrobot �
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Remark4: The dilation control strategy is usefulbecauseit
explicitly decouplesthescale+ from theshape(internalangles
of thetriangle).In applicationslikecooperativemapping[35], it
is bene�cial to preserve thescale.In cooperativemanipulation,
it is usefulto keeptheshape,whichdeterminesthegraspon the
enclosedobject,constantandvary thescale,which determines
themaximumclearancebetweentherobotsandtheenclosedob-
ject. In contrastto usingtwo separation-bearingcontrollers,this
formationusesonly oneestimateof distanceandtwo estimates
of angle. Vision sensorsandin particularthe geometryof our
omnidirectionalcameraallowsveryaccurateestimatesof angle,
while distancemeasurementsarerelatively poor.

E. FormationShapeControl

The formation shapecontroller (denoted0
C�•
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9 ), allows

robot ;
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with desiredseparations<
=

CF• and
<{=

|

• , respectively, while ;

|

follows ;

C with 0&5
C

|

9 . Again, the
kinematicequationsaregivenby

?

@��
	 A

�
'

@��
,iE

�

G‚I

�
'

@��
��E

C
,K�

�

�

|

	M!

|

�

�

�
•

	"!
•

� (20)

where @
�¢	‘N

<

C

|

>

C

|

<

C�•

<

|

•
QTS is thesystemoutput, E �¢	

N �

|

!

|

�
•

!
•

QTS is theinputvector, and

A!� 	

�
�

�

�

�����\[
C

|

]+����� [
C

|
ƒ ƒ

^ _)` a�b����

f

���

=\gih

_�b����

f

���

ƒ ƒ

ƒ ƒ

�����\[ C�•l]•���u� [ CF•

m

�����

>

|

•

ƒ

�����\[

|

•l]•���u� [

|

•

�
�

�

�

I

�
	

�
�

�

�

m

�
C

�����

>

C

|

o

�
_)` a p"���

f

���

m

!
C

m

��C �����

>

C�•

ƒ

�
�

�

�



IEEETRANSACTIONSON ROBOTICSAND AUTOMATION, VOL. XX, NO. Y, MONTH 2001 6

By applyinginput-outputfeedbacklinearization,thecontrolve-
locitiesfor thefollowerrobotsaregivenby
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� , (21)
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� is anauxiliarycontrolinputgivenby
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Theclosed-looplinearizedsystemis givenby
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As before,we will show that the closed-loopsystemis stable,
andtherobotsnavigatekeepingformation.

Theorem3: Assumethat the lead vehicle's linear velocity
alongthepath†

')‡�,Ÿ.D0&2 '{4�, is lowerboundedi.e., � C

ˆ�‰ Š

` a

•

ƒ

, its angularvelocity is also boundedi.e., Œ
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	„4‹� � . If the control input Eq. 21 is appliedto ;
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� • ,
thentheformationis stableandthesystemoutput @

� in Eq.22
convergesexponentiallyto thedesiredvalue @

=

� .
Theproof is similar to Theorem2.
Remark5: In contrastto theprevioustwo three-robotforma-

tion controllers,thiscontrollerallowsexplicit controlof all sep-
arationsandminimizesthe risk for collisions. This controller
is preferredwhentheseparationsbetweenrobotsaresmall,and
when,coincidentally, the estimatesof distancethroughvision
arebetter.

IV. COORDINATION PROTOCOL

A. Choiceof Formations

In SectionIII, we haveshown thatundercertainassumptions
a groupof robotscannavigatemaintaininga stableformation.
However, in realsituationsmobileroboticsystemsaresubjectto
sensor, actuatorandcommunicationconstraints,andhaveto op-
eratewithin unstructuredenvironments.We describea switch-
ing paradigmthat allows robotsto selectthe mostappropriate
controller(formation)dependingon theenvironment.

In this work, we model the groupof � autonomousmobile
robotsasa tuple

�

	 '

†

���…���D, where†

')‡�,/.10&23'-4�, is theref-
erencetrajectoryof the leadrobot, � is a setof shapevectors
describingtherelative positionsof eachvehiclewith respectto
the referenceformationframe ���


 , and � is a control graph
wherenodesrepresentrobotsandedgesrepresentrelationsbe-
tweennodes(seedetailsin following subsection)[25]. Thus,

�

describesa dynamicalsystemevolving in continuous-time
on the interval �

	 N ‡F¨���‡�	
Q�


	
� in the con�guration space
�

	 0&23'{4�,

�

. Without lossof generality, the formationrefer-
enceframe ���


 is �x ed to the leadrobot; however, it is not a
requirementin our method. Sometimesit is necessaryto add
virtual robotsto thegroupto representeithermoving targets,or
trajectoriesthatarealongsuchfeaturesaswalls,lanes,or obsta-
cles.While this resultsin a changein

�

, it doesnot changethe
con�gurationspaceof thesystem.

The control graphsdescribingthe formation are designed
from thebasiccontrollersdescribedin theprevioussection.The
enumerationof controlgraphsfor � robotsis discussedin [28].
Let �

7 	 ��� C�� 7�� rjr�r ����� � 7


 bethesetof availablecontrollersfor
robot ;

7 . We considertheproblemof selectingthecontroller,
����� 7 .

�

7 for robot ;

7 , assumingthatthecontrollersfor robots
;
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�

;

•
� r�rjr �

;

7

^

C havebeenspeci�ed.
We illustratethis approachusingthreenonholonomicmobile

robots ;

C��
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� • equippedwith rangesensors.First, ;

C , therefer-
encerobot,follows a giventrajectory†

')‡�,¦. 0&23'-4�, . Since ;
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C (becauseof thenumberingconstraint),�
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Thus, as shown in Figure 5, ;
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C or ;
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with
0&5 CF• 9 or 0&5
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• 9 , or follow both ;

C and ;

|

with 0 C�• 0

|

• 9 .
The paletteof controllersfor the three-robotgroup becomes

�

	 �

�

|

�

�

•


 . Eachmemberof this palettecorrespondsto a
differentcontrolgraphanda differentmode.

Mode q1
SB12C&SB13C

Mode q2
SB12C&SB23C

Mode q3
SB12C&S13S23C

R1

R2

R3

R1

R2

R3

R1

R2

R3

Fig. 5. The threecontrol graphsfor the 3-robot case. Eachgraphdenotesa
differentmode( ��� , ��� , and ��� ) for ��� .

If theassumptionsin Theorems1 and3 hold,theneachmode
�

� with �

	

™

�Ÿ4�� � is stable.We needto show that for a given
switchingstrategy 0�� , the hybrid systemis stable,i.e., given
any initial mode�

¨

� , adesiredmode�

=

� is achievedin �nite time.
Ourswitchingstrategy is guidedprimarily by oursensor(om-

nidirectionalcamera)constraintsandthepresenceof obstacles.
Figure 6 depictsthe switching boundariesin Cartesianspace
where  

|

denotesthemaximumrange within which a neighbor
robot canbe detected.  

C

Ž! 

|

is a prede�nedrangewherea
robotmaydetecttwo possibleleaders.To bemorespeci�c, ;

•

maydetect;

C , ;

|

or both. In somecases,neither ;

C nor ;

|

arewithin the�eld–of–view of ;

• . Noticethetriangleinequal-
ity <

�
�

G

<

7
�

•

<

�87 shouldbe satis�ed. If ;

� with �

	

™

�*4‹� �

werecollinear, SSCwouldnotbede�ned, thenaSBCshouldbe
utilized.

l12
l23r1 r2

r1

r2

l13

SB13

SS

l13 = l23

l13 = l23 + l12

l13 = l23 - l12

Autonomous
Navigation

SB23

Autonomous
Navigation

X

Y

SB23

SB13

SSCR1

R2

r1

r2

R3

Fig. 6. Choiceof controllersfor ��� . Theplot on theright shows theconstraints
andequilibriumpoint in cartesian"$#&% coordinates.
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The formation control objective is to drive ;

• to a region
whereit candetectboth ;

C and ;

|

. Thus,theswitchingcontrol
strategy for ;

• canbesummarizedasfollows

If '

<

CF•

Ž"<

|

• ,�� '

<

|

•

•

 

C ,�� '

<

CF•

Ž  

|

, Then 0&5 C�• 9

If '

<

CF•

•

<

|

•:,�� '

<

CF•

•

 

Cj,�� '

<

|

•

Ž  

|

, Then 0&5

|

•j9

If '

<

C�•

Ž  

C ,�� '

<

|

•

Ž  

C , Then 0 CF• 0

|

• 9

If '

<

CF•

•

 

|

,�� '

<

|

•

•

 

|

, Then ���

‡��

���	�

�

�{†

Thesetof controlbehaviorsthatarobotmayexhibit whenthere
is no leaderwithin its �eld-of–view is calledAutonomousNavi-
gationhere.

Figure7 depictstheswitchingboundariesin thepresenceof
obstacles.Here §�
���
�� denotesa safetyregion within which an
obstaclecan be detected,§

" is the desireddistancefrom the
robot to the obstacle,and �

C " is the anglebetween *§ and *<

C

|

.

Autonomous
Navigation

X

Y

r2

R1

Obstacle

R2
SB12C

SDOC

dsafe

l12

dO

d

RO

b1O

Fig. 7. Choiceof controllersfor �
� in presenceof obstacles.

Let usassume;

|

follows ;

C with 0&5
C

|

9 , if anobstacleis
detected,then ;

|

switchesto 0!���•9 . Oncethe obstaclehas
beensuccessfullynegotiated,;

|

switchesbackto 0&5
C
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9 ac-
cordingto thefollowing switchingrules.
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B. StabilityAnalysis

Sincea paletteof controllersand a switching strategy are
given, we needto verify that the hybrid systemis stablepro-
vided that eachmodesharesa commonequilibrium point $

¨ .
Oneway to solve this veri�cation problemis to �nd a common
Lyapunov function, thusthe switchedsystemis stablefor any
arbitrary fast switching sequence.This is in generala dif�-
cult task. A numberof approacheshave beenproposedin the
literatureto confrontthis problem(see[37] andthe references
therein).In our 3-robotformationexample,it turnsout thatun-
der somereasonableassumptions,theremay exist a common
Lyapunov function. Therefore,the equilibriumpoint is stable,
andthesystemerrorof thedesiredformationmodeconvergesto
zero. However, thepropertyof exponentialconvergenceis lost
in theswitchingprocess.

Let thesystemerrorbede�ned as
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is aLyapunov functioncandidatefor subsystem0&5 C
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9 i.e.,
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follows ;

C usinga basicleader-following controller. If the
assumptionsin Theorem1 aresatis�ed, then
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9 is commonfor all
modes,we only needto consider‰

• in Eq. 23 for studyingthe
stabilityof theswitchedsystem.

By de�nition ‰
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Usingtheinequalityconstraintimposedby thegeometryof the
problem,i.e., <-=

|
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ŽM<-=

C

|

G

<-=

C�• , it is easytoshow that
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. Then ‰

• is a Lyapunov functionfor �
C (similarly for �

|

).
Remark6: It is well known thatLyapunov methodsprovide

conservative stability regions, since we always considerthe
worst case. Simulationresultsreveal that the desiredforma-
tion is achievedevenwhensomeof theassumptionsdiscussed
herearenot satis�ed,e.g., positionandorientationof ;

|

� • are
randomlyinitialized.

V. SENSING AND ESTIMATION

The sole physicalsensorusedby the robotsin our experi-
mentsis the on-boardcatadioptriccamerasystem. From the
omnidirectionalimageryacquiredby thesecameras,we have
developedseveral logical sensors – anobstacledetector, a col-
lision detector, adecentralizedstateobserver, andacentralized
stateobserver. All of theselogicalsensorstracetheiroriginsto
oneof two setsof featuresin the omnidirectionalimage– ex-
tractededgesandsegmentedcolors(seeFigure1). Theobstacle
andcollisiondetectorsrely onedgeimagesasinput. Implemen-
tationdetailsfor thesecanbefoundin ourpreviouswork [35].

In contrast,theremainingsensorsrely on colorsegmentation
to identify targetsin the image.To facilitatethis, eachrobot is
equippedwith a coloredcylindrical collar. This yields a �! 

ƒ#"
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symmetricaltargetabouteachrobot'sopticalaxis.Wethenseg-
menttheimagefor thesecolorsby usinganextractoroperating
in YUV colorspace.Ourimplementationtakesadvantageof YU
andYV look-up tablesto signi�cantly reduceprocessingtime,
andsegmentsup to 8 colorssimultaneously. By applyingablob
extractor to the color segmentedimage,eachrobot is able to
isolateteammateswithin its own image.

Next, we exploit the characteristicsof the omnidirectional
cameras.Oneof their primaryadvantagesin this applicationis
thatcatadioptriccamerasystemsafford a singleeffective point
of projection.This meansthat,afteranappropriatecalibration,
everypoint in theomnidirectionalimagecanbeassociatedwith
a uniqueray throughthe focal point of the camera. As a re-
sult,by takingthecenterof gravity (CG)of theextractedcollars
in thecolor segmentedimage,eachrobotcancomputereliable
estimatesof the directionvectorsto its teammates.Thesedi-
rectionsprovidethebasisfor bothcentralizedanddecentralized
stateobservation.

A. DecentralizedStateObservation

Fig. 8. Leader-follower estimationframework

Thecontrollersdescribedin SectionIII, requirereliableesti-
mationof thelinearvelocity ��� ( ‡ ) andangularvelocity !&� ( ‡ ) of
the leadermobile robot ;

� by follower robot ;

7 , andrelative
orientation( �

�

m

�
7 ). Our algorithmestimatesa leader's veloc-

ity andthe relative positionandorientationusingan extended
Kalman�lter [38]. It usesthe omni-directionalvision system
to determinethe range+

�P7 andthebearing�

�P7 of the observed
leader;

� asneededby follower ;

7 for estimationof �
� and �

� .
Thelinearangularvelocitiesof theobservedvehiclearetreated
aspartof thestate.In addition,the�lter requiresasensormodel,
andtherelative kinematics(seeEq.1) of theleader;

� andfol-
lower ;

7 .

The imageprocessingalgorithmsprovide the following ob-
servations
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Next wedifferentiate(25) to obtain
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where 	#�87 	
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�87 G �j7

m

��� , � ( ‡ ) is the processnoise,andwe
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givenby
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Thediscretesystembecomes
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where I ( ,

$ (
y

),E (
y

)) is the nonlinearstatetransitionfunction.
The input vector is given by E 	 N ��7 !�7

QUS . � (
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noisesourceassumedtobezero-meanGaussianwith covariance
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Thecovariance� (
y

) is experimentallydetermined.Thegoal
of theEKF algorithmis to estimate  
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algorithm,seefor instance[39], wherethe observation vector
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(33)

The decentralizedstateobserver providesthe follower with
necessaryinformationaboutthevelocityof theleaderfor feed-
forward control, in addition to the relative state(positionand
orientation).This eliminatestheneedfor explicit communica-
tion. Thebasicstructurefor thisalgorithmis shown in Figure8.

B. CentralizedStateObservation

Thecentralizedobserver reliesuponinformationsharingbe-
tweenrobotsto solve for the teampose(positionandorienta-
tion) in closedform. Theresultingestimateis morerobustthan
that obtainedin the decentralizedcasesincethe stateis fully
observablewith eachobservation; the needto estimatethe ve-
locity for statepredictionis eliminated.However, this comesat
thecostof communication.In our implementation,thecentral-
ized observer usestwo methodsfor estimatingthe teampose:
triangulation-basedandpair-wiselocalization.
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Fig. 9. Three-dimensionalgeometryfor agentlocalization.

Using the triangulation-basedmethod,a teamof three (or
more) robotsis capableof localizing in � � -spacewheneach
canmeasurethedirectionvectorsto theotherteammembers.In
Figure9 theunit vectors
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translationandrotationof robot
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with respectto the frameof
referenceof robot � . Thesedirectionvectorsarederived from
the imagesusingtheproceduredescribedin thepreviouspara-
graphs.Without lossof generalitywe canchoosethereference
frameof robot1 asour baseframeof referenceandrecover the
con�gurationof therobotteamby recoveringthepositionsand
orientationsof theotherrobotswith respectto this frame.

In eachframe,the internalanglebetweenthe directionvec-
tors to the othertwo robots( >

� ) canbe determinedfrom their
scalarproduct;for instance>
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angleinformation,thetranslationbetweentheframescanread-
ily bedeterminedto a scalefactorby applyingthesinerule to
theshadedtrianglein Figure9. Positionvectorsrelativeto other
framescanalsobeobtainedby usingthecorrespondingunit vec-
tors.

With thepositionof agentsknown, we only requiretherela-
tive orientationsof theframesto completethelocalizationpro-
cedure. To accomplishthis, we note that the vectors
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7 shouldhave equalmagnitude,but oppositedirectionwhen
transformedto thesameframe. We notea similar relationship
betweenthevectors'
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thefollowing pairsof equations.
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(34)

With all translationvectorsknown to ascalefactor, theproblem
of solvingfor eachrotationmatrix reducesto theform:
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Thiscanberephrasedasthefollowing optimizationproblem:
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The rotation matrix which minimizes this expressioncan be
computedin closedform asfollows:
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where� 	��

�

�

��� S

� [40].

Againrecallthatthissolutionyieldstheposeof theteamto a
scalefactor. In orderto obtainmetricresults,ameansto recover
thescaleis necessary. Thiscanbeaccomplishedif thelengthof
any oneof thetranslationvectorsbetweenframescanbedeter-
mined.In ourexperimentstherobotswereconstrainedto move
on a �at surface.Sincethegeometryof eachrobotwasknown,
any robotcouldgaugethedistanceto its teammatesbasedonthe
radialdistanceto theextractedblobsin theimage.Thesmaller
therange,theclosertheblobwill appearto theimagecenter. As
a result,we have a meansby which eachrobotcanprovide two
estimatesof thescale(onefor eachof its visible partners).We
usethe redundantestimatesfrom all threeto obtaintheoverall
scalefactorandtherelativeposeof theteam.

This solutionoffersanimprovementover methodspresented
previously, in thatweobtaintherelativepositionandorientation
of therobotteamsolelyfrom angularmeasurementswithoutre-
quiring that the angularestimatesbe referencedto a common
axislike thegravity vector. Thiseliminatestheneedfor thead-
ditionalsensorsthatwererequiredto measureagentorientation
in previous implementations[41]. However, it doesnot elimi-
natethesingularityassociatedwith linearformations.Addition-
ally, it requiresthatall threerobotsmaintainline-of-sightwith
eachother. This is a stringentrequirementthatdoesnot hold in
an obstacle-clutteredenvironment. We notethoughthat when
the poseproblemis reducedto 4 � -space,relative localization
canbeaccomplishedby apairof robots.Usingthisfact,our im-
plementationdynamicallyswitchesbetweentriangulation-based
andpair-wise localizationestimationbasedon teamgeometry
andtheexternalenvironment.

1

R1
R

R

2

1

3

R3

2R

R

3
R2

RR

(c)(a) (b)

Fig. 10.Triangularto pair-wise localizationswitchresultingfrom teamgeome-
try (a-b)or occlusionsin theenvironment(c).

Considerthecaseof atriangularformationapproachinganar-
row passagethroughobstaclesshown in Figure10. A formation
switchis orderedto allow theteamto proceedthroughthepas-
sage(Figure10a). As the robotsapproacha linear formation,
therecomesa point wherethe improvedaccuracy affordedby
the closedform solutionof the triangulation-basedlocalizeris
compromisedby operatingin proximity to its singularity. This
point is afunctionof thesensorsused,but occurswhentheerror
in estimatingthe interior anglesbecomesa signi�cant percent-
ageof theanglesizeitself (in our implementation,thisoccurred
wheninterior anglesapproached10 degrees).At this point, the
centralizedobserver automaticallyswitchesto pair-wise local-
ization mode(Figure 10b). Robot ;

|

exchangesinformation
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with the teamleader '

;

C , to localize relative to the leader's
frame. ;

• performsa similar exchangewith ;

|

, obtainsa lo-
calizationestimaterelative to ;

|

, andasa resultdeterminesits
poserelative to ;

C .

While this modeswitchresultedfrom the formationgeome-
try, it canalsobedirectly triggeredby theenvironment.This is
shown in Figure10c,wheretheline-of-sightbetweentwo robots
is occludedby anobstacle.Thisocclusioncanbedetectedfrom
a global visibility matrix, resultingin a pair-wise localization
switch.

The pair-wise methodserves as the secondarylocalization
modefor the centralizedobserver. In most formationgeome-
tries,theconstraintobtainedby determiningtherelative forma-
tion scale– alongwith the redundantrangemeasurementsfor
estimatingtheabsolutescale– resultin improvedperformance
in the triangulation-basedmode. Meanrangeerrorsweretypi-
cally 3-5%,comparedto 10%for thepair-wisecase.

The advantagesresulting from this internal switching are
twofold. It allows thecentralizedobserver to robustly estimate
the teamstateregardlessof formationgeometry. Additionally,
it allows theteamto reactto anobstacle-clutteredenvironment
with only a slight degradationin accuracy. Sincethe observer
providesonly stateestimatesfor useby the controllermodes,
theswitchingis transparentto all users.

VI . RESULTS

A. Simulationof SwitchingStrategy
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Fig. 11. The leaderfollows a sinusoidaltrajectorywhile followers switch to
avoid obstaclewhile maintainingdesiredtriangleformation.

In SectionIV, wediscussedchoosingformationsandswitch-
ing strategiesfor maintainingformationshapewhilst ensuring
a stableswitchedsystem.Here,we illustratetheapplicationof
theseconceptsto a simulationof � nonholonomicrobotswith
oneobstacle(Figure11). Robot ;

C is the leadrobot, andthe
desiredshapeis a triangle. The controlmodeswitchingin ;

|

and ;

• areshown in Figure12. Theformationshapeis achieved
andtherobotssuccessfullynegotiatetheobstacle.
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Fig. 12. Modeswitchingfor robot � � (left plot) and � � (right plot) for trajec-
toriesin Figure11. Thenumberingof themodesareshown on thetop of each
plot.

B. Experiments

B.1 HardwarePlatform

Thecooperative control framework wasimplementedon the
GRASPLab's ClodbusterS�� (CB) robots. TheCB platform is
basedon theTamiyaClodbusterS�� radiocontrolled ™���™

ƒ

scale
modeltruck. EachCB is equippedwith anomnidirectionalcam-
era(describedin SectionV) asits solesensor[42]. Theplatform
lackson-boardprocessing.As a result,videosignalsfrom the
cameraon-boardaresentto a remotecomputerfor processing
via a wireless2.4GHz videotransmitter. Velocity andheading
controlsignalsaresentfrom thehostcomputerto thevehicles
as necessary. This reducesthe cost and size of the platform,
andmakesit simpleto coordinatethedataprocessingandcon-
trol operations.Notethateachrobotcanbeindependentlycon-
trolled usingdifferenthostcomputers.The CB teamusedfor
our multi-robotcoordinationexperimentscanbeseenin Figure
13.

Omni-Camera

Video transmitter

Collar for
identification

Fig. 13.TheClodbuster
���

teamusedfor experiments.

B.2 FormationControl

Initial experimentsin formationcontrolwereintendedto val-
idate the dynamicstateestimationimplementationand corre-
spondingcontrolapproach.As a result,experiments�rst exam-
ined stableformationsfollowing trajectoriesof straight lines,
gradualarcs and circles. Video data from thesetrials were
recordedusing a calibratedoverheadcamera. This allowed
“ground-truth”positiondataof theformationto berecordedand
analyzedoff-line togetherwith thestateobserver positionesti-
mates.Groundplanetrajectoriesfrom a pair of representative
trialscanbefoundin Figure14.

We next comparedthe state observer estimateswith the
ground-truthpositiondata.As anexample,in thetrial ontheleft
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Fig. 14.Sampleground-truthdatafor trajectoriesfor a triangularformation

sideof Figure14,thedesiredformationwasanisoscelestriangle
whereboth followersmaintaineda distanceof 1.0 m from the
leader. Figure15 contraststhe measuredleader-follower sep-
arationdistanceswith thosecalculatedby the centralizedstate
observer. Resultsarefor the mostpart satisfactory, with mean
separationerrorsof 3.2%and5.5%for thetwo followers.Dis-
continuitiesin stateobserverestimatesaredueto corruptedim-
agedataresultingfrom theremotevideotransmission.Typical
imagecorruptionrateswere15-20%for eachrobot,leaving pe-
riodsof timewhereno localizationwaspossible.
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Fig. 15. Follower separationdistances± ground-truthvs. centralizedobserver
estimatesfor followers � � (top)and ��� .

A point of interestin theseplots is that theactualseparation
distanceis alwaysgreaterthanthatdesiredduringmotion.This
is due to the pure feedbackcontroller usedwith the central-
ized observer. Additional experimentswith the decentralized
observer usinganExtendedKalmanFilter for velocity estima-
tion werealsoconductedwith improvementsin trackingperfor-
mancedueto availability of feed-forwardterms.This is shown
in Figures16-17,wheretheleadrobotexecuteda circleandthe
follower attemptedto maintain

ƒ

r
 m separationanda relative

bearing(asde�nedin SectionIII) of ™

�

ƒ

degrees.Thecontroller
responseis signi�cantly improvedasaresult.Wealsoexamined
therobustnessof theestimatorby manuallyrestrainingthefol-
lower at ‡ �  � sec.As canbeseenfrom theplots,thesystem
recoveredquickly.

From theseresultswe concludethat both observersprovide
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Fig. 16.Leadervelocity estimationby thefollower. Resultsareconsistentwith
theactuallinearandangularvelocitiesfor theleaderdoingaconstantcircle( ��� �

m/sandcircle radius ��� ��� m).
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Fig.17.Followerseparationandrelative bearinghistoryfor a feed-forwardcon-
troller. Notice the sharpjump at �
	���� secas we manuallyrestrainedthe
follower for 5 sec.Thecontrollerrecoverswithin afew secondsof removing the
restraint.

suf�ciently goodstateestimates.However, despitethesuperior
estimatorperformance,thecontrol responsefor thecentralized
caseis compromisedby thelack of a feed-forwardcomponent.
We arecurrentlyintegratinga centralizedvelocity estimatorto
addressthis.

B.3 SwitchingFormations

Fig. 18.Triangularto in-line formationswitchto avoid obstacles.

In theseexperiments,thegoalwasto allow the leadrobot in
athreerobotformationto performanexploratorymissionwhile
the formationshapechangesin a decentralizedfashionas re-
quiredby the environment. We implementedthis by running
a simple reactive obstacleavoider [43] on the leaderand al-
lowing the teamto choosebetweentwo formationshapes- an
isoscelestriangle and an in-line convoy. The role of the fol-
lowerswasto follow the leaderwhile maintaininga triangleif
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Fig. 19.Groundplanedatafor formationswitching- two runs.Theline change
from solid to dottedcorrespondsto theinitiation of theswitch.
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Fig. 20. Ground-truthvs. centralizedobserver estimatescorrespondingto the
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tectstheobstaclesandtriggersa formationswitch(triangleto in-line). Notethe
observer modeswitchesinternally from triangularto pair-wise independentof
theformationswitch,but dependenton theformationgeometry.

therewere no obstaclesahead. In the presenceof obstacles,
thefollowersswitchto anin-line positionbehindtheleaderand
hencenegotiatethe obstacleswhile following the leader. The
resultsare summarizedin Figures18-19. The obstaclesused
werecardboardboxesandthe arrangementshown is to mimic
a narrow passageway causinga changein formationshape.We
alsodemonstratetheinternalmodeswitchingin ourcentralized
stateobserver in Figure20.

B.4 DistributedManipulation

The ability to maintain a prescribedformation allows the
robotsto “trap” objectsin theirmidstandto �o w theformation
– guaranteeingthattheobjectis transportedto thedesiredposi-
tion. With this in mind,weproceededto applythis techniqueto
a manipulationapplication.Experimentswereconductedusing
a box astheobjectto bemanipulated.In Figure21, the initial
teamcon�guration is centeredaroundthebox, with thegoal to
�o w thenow encumberedformationalongatrajectorygenerated
by the leader. By choosinga constrainingformationgeometry,
the box is kept in contactwith all threerobotsduring the for-
mation�o w. Severalsnapshotsfrom a samplerunareshown in
Figure21.

Despitethecontrolstrategy notaccountingfor changesin the

Fig. 21.Distributedmanipulationdemonstration

objectpose,the formationwas typically successfulin its ma-
nipulationtaskover the testedtrajectories.Theseexperiments,
while not an exhaustive investigationof distributedmanipula-
tion,demonstratethepotentialfor avisionbasedformationcon-
trol application.

VI I . CONCLUSIONS

In this work we proposea framework for the development
of intelligent multi-robot systemsby composingsimple sens-
ing, estimation,controlandcoordinationblocksin a bottom-up
approach.Themaincontributionsarea suiteof controlandes-
timation algorithms,anda paradigmfor switchingthat allows
a group of robots to maintaina prescribedformation (shape
and size) while following a plannedtrajectory. The switch-
ing paradigmalsoallows therobotsto changeformationin the
presenceof obstacles.A distinguishingfeatureof our work is
the fact that eachrobot reliesonly on a singleomnidirectional
camerafor sensoryinformation. We demonstrateour frame-
work throughexperimentswith differentmulti-robot coopera-
tive taskslike exploration and distributed manipulation. Be-
causeour controllersandestimatorscanbe decentralized,and
theframework allowstheselectionof thebestcontrollerandes-
timatorin agivensituation,our framework canpotentiallyscale
to groupsof tensandhundredsof robots. Analyzingtheeffect
of communicationconstraints,decidingtheoptimalityof forma-
tion choicesfor a givenenvironment,sensorplanningfor coop-
erativeactivevisionandimplementingmulti-robotcoordination
taskswith a largernumberof robotsareimportantdirectionsfor
our futurework.
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